Abstract: Effective firefighting of major fires in fuel storage plants can effectively prevent or delay fire spread (domino effect) and eventually extinguish the fire. If the number of firefighting crew and equipment is sufficient, firefighting will include the suppression of all the burning units and cooling of all the exposed units. However, when available resources are not adequate, fire brigades would need to optimally allocate their resources by answering the question "which burning units to suppress first and which exposed units to cool first?" until more resources become available from nearby industrial plants or residential communities. The present study is an attempt to answer the foregoing question by developing a graph theoretic methodology. It has been demonstrated that suppression and cooling of units with the highest out-closeness index will result in an optimum firefighting strategy. A comparison between the outcomes of the graph theoretic approach and an approach based on influence diagram has shown the efficiency of the graph approach.
Introduction
Small fire incidents are a common characteristic of industrial plants containing or processing combustible and flammable substances. Major fires, despite their low-probability, however, are among the most feared types of industrial accidents due to their catastrophic consequences in terms of loss of lives and assets and also a multitude of costly resources needed to control and extinguish them. Examples of major fires include series of fires-known as fire domino effect-at oil storage terminals in the UK in 2005 [1], Puerto Rico in 2009 [2] , and in Brazil in 2015 [3] , as well as a massive single tank fire in Singapore in 2018 [4] .
Due to the importance of major fires and particularly fire domino effects, many works have been devoted to their modelling and risk assessment [5] [6] [7] [8] [9] [10] [11] [12] [13] . Engineered fire protection systems such as sprinkler systems are effective in tackling small fires and reducing the probability of small fires escalating to fire domino effects [14] , but have reportedly proven ineffective in the event of major fires and already-initiated fire domino effects; this has mainly been due to damage, malfunction, or low performance of engineered fire protection systems when exposed to severe heat of fires [15] [16] [17] [18] .
Considering the inefficiency of engineered fire protection systems in case of major fires, the intervention of fire brigades to tackle the fires becomes indispensable. Nevertheless, the works devoted to the key role of firefighting in controlling and delaying fire spread have been very few [19, 20] . Although available industrial fire protection codes and standards such as NFPA 11 [21] , CCPS [22] , and API RP-2001 [23] can be used to set baseline firefighting strategies in oil and gas facilities, they do not take into account the facility layout and limited firefighting resources, among other parameters [16, 19] .
The main goal of firefighting is to extinguish fires before they become large and trigger domino effects. In this regard, firefighters can adopt different strategies, which could be: (i) defensive, where the units exposed to the heat of burning units are cooled using water, (ii) offensive, where attempts are made to suppress burning units, or (iii) mixed, as a combination of the previous two strategies, which is the case in most industrial fire events [19] .
If the firefighting resources (personnel, apparatus, etc.) are adequate, a firefighting strategy will include the suppression of all the burning units and the cooling of all the exposed units. However, the main challenge arises when the number of units in danger-both on fire and exposed to fire-exceeds the available firefighting resources, demanding for optimal firefighting strategies to help firefighters answer "which burning units to suppress first and which exposed units to cool first?" in anticipation of more resources becoming available, for instance, from neighboring plants or communities. Considering the two main components of firefighting strategies, the suppression of a burning unit would reduce the emitted heat radiation until the fire is completely extinguished while the cooling of an exposed unit would reduce the amount of heat radiation the unit receives and thus prevents from the spread of the fire to the unit.
The present study is thus aimed at developing a decision support methodology using graph theory for identifying optimal firefighting strategies in the case of insufficient firefighting resources. In this study, we define an optimal firefighting strategy as one which minimizes the likelihood of cascading effects in a spatial network. The application of the methodology is demonstrated via an oil storage plant. Section 2 recaps the basics of graph theory and influence diagram; in Section 3, the methodology is developed, and its application is illustrated in Section 4. The work is concluded in Section 5.
Materials

Graph Theory
A mathematical graph G = (V, E) is a set of nodes (V) and arcs (E). Depending on whether the arcs are directed or undirected, the graph is called directed or undirected, respectively. In a directed graph, a walk from node v i to v j is a sequence of connected nodes from the former to the latter where each intermediate node can be traversed several times. A path, however, is a walk in which each intermediate node can be traversed once at most. Accordingly, the geodesic distance between v i and v j , denoted as d ij is defined as the length of the shortest path from v i to v j . In a directed graph, the distance from v i to v j is simply the number of arcs constituting the shortest path from v i to v j ; if there is no path between v i and v j , then d ij = ∞.
Based on the concept of geodesic distance, a number of graph metrics can be used to describe the characteristics of the nodes, the arcs, and the graph itself. Among such metrics, closeness centrality scores are very popular in modeling and defining the characteristics of spatial networks and grids [24] [25] [26] . The closeness of a node v i can be defined in two ways: the out-closeness of the node, C out (v i ), as the number of steps needed to reach from the node to every other node of the graph, and the in-closeness, C in (v i ), as the number of steps needed to access v i from every other node of the graph.
Based on the nodes centrality scores, the graph's centrality scores can be defined. For instance, the graph's average out-closeness, which is analogous to the graph's average efficiency [27] can be defined as: Graph metrics have widely been used to describe and optimize the properties of grid infrastructures and spatial networks such as water distribution networks [28, 29] , oil storage plants [13] , and transportation networks [30] .
Bayesian Network and Influence Diagram
Bayesian network (BN) is a directed graph to represent conditional dependencies among a set of random variables by means of chance nodes and arcs [31, 32] . Chance nodes with arcs directed from them are called parent nodes while the ones with arcs directed into them are called child nodes. The nodes with no parents are also called root nodes, whereas the nodes with no children are known as leaf nodes.
Satisfying the Markov condition in BNs, a node is independent of its non-descendant nodes given its parent nodes. As a result, a BN factorizes the joint probability distribution of its nodes as the product of the conditional probability distributions of the variables given their immediate parents (Equation (4)). For the nodes with no parents, i.e., the root nodes, such conditional probabilities are simply replaced by marginal probabilities.
where pa(X i ) is the parent(s) of node X i . A BN can be extended to an influence diagram by adding decision nodes and utility nodes. Each decision node consists of a finite set of decision policies. A decision node should be assigned as the parent of chance nodes whose probability distributions depend on the decision policies. Likewise, the decision node should be the child of chance nodes whose states have to be known to the decision maker before making that specific decision. The utility node U contains utility values (positive or negative) to reflect the preferences of the decision maker regarding the outcome of each decision policy. Among the decision policies d i (i = 1, ..., m), one with the highest expected utility (EU) is then selected as the optimal decision d * : Figure 1a depicts the schematics of an oil terminal which consists of six identical gasoline storage tanks. Considering tank fires as the most likely accident scenario, for illustrative purposes, the hypothetical heat radiation intensities emitted from and received by the tanks are presented as a weighted adjacency matrix in Figure 1b , where Qij is the amount of heat tank Tj receives from a tank fire at tank Ti (kW/m 2 ). Since all the tanks are atmospheric, the minimum heat radiation to spread the fire from a burning tank to a neighboring tank can be considered as 15 kW/m 2 [33] . It should be noted that having the dimension of the tanks, the separation distances between them, the weather conditions, the type and amount of flammable contents, etc., consequences assessment techniques and software such as ALOHA [34] can be used to calculate accurate amounts of heat radiation. Based on the adjacency matrix, the potential fire spread paths in the terminal can be presented as a directed graph in Figure 1c .
Methodology
An Example
In order to identify optimal firefighting strategies under insufficient resources, we introduce some constraints to the amount and type of the available firefighting resources:
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•
Due to the limited amount of equipment, the fire brigade would not be able to work on more than two storage tanks at a time, and • Out of these two storage tanks, due to limited types of equipment, one should be a burning tank and the other an exposed tank. In other words, the firefighters can only afford to suppress a burning tank and to cool another exposed tank simultaneously.
The aim of the fire brigade would be to prevent/delay the fire spread so that the still-safe storage tanks could be saved. In other words, the suppression of a burning tank, for instance, is performed with the aim of saving the neighboring tanks rather than saving the burning tank itself.
Further, when a storage tank has been exposed to an adjacent burning tank for a while unbeknown to the firefighters, the cooling of the exposed tank would be a more conservative strategy than the suppression of the burning tank [19] ; however, in the case of crude oil storage tanks, the suppression of burning tanks should be given priority over the cooling of exposed tanks, due to the imminent risk of boil-over [35] . 
Optimal Firefighting Using Graph Theory
Since the identification of firefighting strategies would be based on the observations made by or reported to the firefighters, three fire spread scenarios are considered:
• Scenario 1: fire starts at T1 and spreads to T2; • Scenario 2: fire starts at T1 and spreads to T2 and T4; • Scenario 3: two simultaneous fires start at T1 and T5.
Khakzad and Reniers [13] demonstrated that modeling cascading effects in spatial networks as a directed graph, the nodes with a higher out-closeness score (Equation (1)) would result in more extensive failures if selected as the initiating node. Similarly, they illustrated that among spatial networks of different layout but identical number of nodes, the ones with a higher average outcloseness scores (Equation (3)) are more vulnerable to the cascading failures.
3.2.1. Scenario 1: Fire Starts at T1 and Escalates to T2
In the case of fires at T1 and T2, the graph in Figure 1c should be customized to present feasible fire spread paths among the storage tanks. To this end, Figure 2a shows the customized fire spread graph where the storage tanks on fire, T1 and T2, would no longer impact one another, and the double-headed arrows between T1 and T4, T2 and T5, and T2 and T3 have been changed to singleheaded arrows directed from the burning tanks to the exposed tanks. Modeling the graph of Figure  2a in igraph package [36] , the out-closeness scores of the storage tanks as well as the average outcloseness score of the terminal have been calculated and listed in Table 1 (the 2nd column).
As can be seen from Table 1 , between the burning tanks in Figure 2a , the out-closeness of T2 (0.42) is larger than T1 (0.313), implying that T2 would contribute more to the spread of fire through the plant, and thus should be given priority over T1 in being suppressed. Figure 2b shows possible fire escalation patterns in the case T2 is suppressed, and thus there would no longer be any arrows 
Khakzad and Reniers [13] demonstrated that modeling cascading effects in spatial networks as a directed graph, the nodes with a higher out-closeness score (Equation (1)) would result in more extensive failures if selected as the initiating node. Similarly, they illustrated that among spatial networks of different layout but identical number of nodes, the ones with a higher average out-closeness scores (Equation (3)) are more vulnerable to the cascading failures.
In the case of fires at T1 and T2, the graph in Figure 1c should be customized to present feasible fire spread paths among the storage tanks. To this end, Figure 2a shows the customized fire spread graph where the storage tanks on fire, T1 and T2, would no longer impact one another, and the double-headed arrows between T1 and T4, T2 and T5, and T2 and T3 have been changed to single-headed arrows directed from the burning tanks to the exposed tanks. Modeling the graph of Figure 2a in igraph package [36] , the out-closeness scores of the storage tanks as well as the average out-closeness score of the terminal have been calculated and listed in Table 1 (the 2nd column). As can be seen from Table 1 , between the burning tanks in Figure 2a , the out-closeness of T2 (0.42) is larger than T1 (0.313), implying that T2 would contribute more to the spread of fire through the plant, and thus should be given priority over T1 in being suppressed. Figure 2b shows possible fire escalation patterns in the case T2 is suppressed, and thus there would no longer be any arrows from it to T1, T3, and T5. Recalculating the out-closeness scores of the nodes in Figure 2b (3rd column of Table 1 ), T4 has the largest out-closeness score among the exposed tanks; thus, it is given priority over the other tanks in being cooled. Figure 2c depicts the graph where T1 is still burning, T2 has been suppressed, and T4 is being cooled. Since T4 is cooled, it would no longer be impacted by T1, which is still burning, and thus the arrow from T1 to T4 should be eliminated. Likewise, since T4 would not get damaged and involved in the fire chain, there is no way that T5 could be damaged and catch fire. This is why the arrow from T4 to T5 should be eliminated, and similarly the arrows from T5 to T6 and T3. As can be noted, the graph's average out-closeness score decreases from 0.48 in Figure 2a to 0.00 in Figure 2c (2nd and 4th columns in Table 1 ).
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of Table 1 ), T4 has the largest out-closeness score among the exposed tanks; thus, it is given priority over the other tanks in being cooled. Figure 2c depicts the graph where T1 is still burning, T2 has been suppressed, and T4 is being cooled. Since T4 is cooled, it would no longer be impacted by T1, which is still burning, and thus the arrow from T1 to T4 should be eliminated. Likewise, since T4 would not get damaged and involved in the fire chain, there is no way that T5 could be damaged and catch fire. This is why the arrow from T4 to T5 should be eliminated, and similarly the arrows from T5 to T6 and T3. As can be noted, the graph's average out-closeness score decreases from 0.48 in Figure 2a to 0.00 in Figure 2c (2nd and 4th columns in Table 1 ). T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5 To demonstrate that the suppression of T2 and the cooling of T4 would be the optimal firefighting strategy in Scenario 1, where Figure 3a show the original fire scenario, and Figure 3b depicts a strategy in which T1 is suppressed instead of T2. Given that T1 is suppressed, consider a non-optimal strategy in Figure 4 , the out-closeness scores of the tanks are calculated as in Table 1 (the 5th column), indicating T5 with the largest out-closeness score among the exposed tanks and thus the candidate for cooling .   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5 Figure 3c depicts the graph where T1 is extinguished, T2 is still on fire, and T5 is cooled. Following this non-optimal strategy, the graph's average out-closeness decreases from 0.48 in Figure 3a to 0.12 in Figure 3c (2nd and 6th columns in Table 1 ). As can be seen, adopting the former firefighting strategy (Figure 2c ) would result in a lower average out-closeness score for the graph than the latter firefighting strategy (Figure 3c ), and thus a weaker cascading effect (lower likelihood of fire spread) can be expected [13] . For the sake of clarity, the out-closeness scores of the critical units as well as the average out-closeness score of the plant are depicted with bold numbers in Table 1 . To demonstrate that the suppression of T2 and the cooling of T4 would be the optimal firefighting strategy in Scenario 1, where Figure 3a show the original fire scenario, and Figure 3b depicts a strategy in which T1 is suppressed instead of T2. Given that T1 is suppressed, consider a non-optimal strategy in Figure 4 , the out-closeness scores of the tanks are calculated as in Table 1 (the 5th column), indicating T5 with the largest out-closeness score among the exposed tanks and thus the candidate for cooling. of Table 1 ), T4 has the largest out-closeness score among the exposed tanks; thus, it is given priority over the other tanks in being cooled. Figure 2c depicts the graph where T1 is still burning, T2 has been suppressed, and T4 is being cooled. Since T4 is cooled, it would no longer be impacted by T1, which is still burning, and thus the arrow from T1 to T4 should be eliminated. Likewise, since T4 would not get damaged and involved in the fire chain, there is no way that T5 could be damaged and catch fire. This is why the arrow from T4 to T5 should be eliminated, and similarly the arrows from T5 to T6 and T3. As can be noted, the graph's average out-closeness score decreases from 0.48 in Figure 2a to 0.00 in Figure 2c (2nd and 4th columns in Table 1 ). T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5 To demonstrate that the suppression of T2 and the cooling of T4 would be the optimal firefighting strategy in Scenario 1, where Figure 3a show the original fire scenario, and Figure 3b depicts a strategy in which T1 is suppressed instead of T2. Given that T1 is suppressed, consider a non-optimal strategy in Figure 4 , the out-closeness scores of the tanks are calculated as in Table 1 (the 5th column), indicating T5 with the largest out-closeness score among the exposed tanks and thus the candidate for cooling. T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5 Figure 3c depicts the graph where T1 is extinguished, T2 is still on fire, and T5 is cooled. Following this non-optimal strategy, the graph's average out-closeness decreases from 0.48 in Figure 3a to 0.12 in Figure 3c (2nd and 6th columns in Table 1 ). As can be seen, adopting the former firefighting strategy (Figure 2c ) would result in a lower average out-closeness score for the graph than the latter firefighting strategy (Figure 3c ), and thus a weaker cascading effect (lower likelihood of fire spread) can be expected [13] . For the sake of clarity, the out-closeness scores of the critical units as well as the average out-closeness score of the plant are depicted with bold numbers in Table 1 . Figure 3c depicts the graph where T1 is extinguished, T2 is still on fire, and T5 is cooled. Following this non-optimal strategy, the graph's average out-closeness decreases from 0.48 in Figure 3a to 0.12 in Figure 3c (2nd and 6th columns in Table 1 ). As can be seen, adopting the former firefighting strategy (Figure 2c ) would result in a lower average out-closeness score for the graph than the latter firefighting strategy (Figure 3c ), and thus a weaker cascading effect (lower likelihood of fire spread) can be expected [13] . For the sake of clarity, the out-closeness scores of the critical units as well as the average out-closeness score of the plant are depicted with bold numbers in Table 1 . In this scenario, when firefighters arrive at the scene, the fire has already propagated from T1 to T2 and T4 (Figure 4a ). Since T2 has the largest out-closeness score among T1 and T4 (2nd column in Table 2 ), it is identified as the tank to be extinguished. Given T2 extinguished, and recalculating the out-closeness scores of the tanks in Figure 4b , T5 is identified as the tank with the largest out-closeness score among the other exposed tanks (3rd column in Table 2 ), and thus chosen for cooling (Figure 4c ). Accordingly, the graph's average out-closeness score decreases from 0.24 (2nd column in Table 2 ) to 0.00 (4th column in Table 2 ). In this scenario, when firefighters arrive at the scene, the fire has already propagated from T1 to T2 and T4 (Figure 4a ). Since T2 has the largest out-closeness score among T1 and T4 (2nd column in Table 2 ), it is identified as the tank to be extinguished. Given T2 extinguished, and recalculating the outcloseness scores of the tanks in Figure 4b , T5 is identified as the tank with the largest out-closeness score among the other exposed tanks (3rd column in Table 2 ), and thus chosen for cooling (Figure 4c) . Accordingly, the graph's average out-closeness score decreases from 0.24 (2nd column in Table 2 ) to 0.00 (4th column in Table 2).   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5 To illustrate the outperformance of the foregoing strategy, the results have been compared with another firefighting strategy where the firefighters decide to extinguish T4 instead of T2 (Figure 5b ). Provided that T4 is extinguished, T6 turns out as the exposed tank with the largest out-closeness score (5th column in Table 2 ); the subsequent cooling of T6 (Figure 5c ) would result in a higher average out-closeness score for the graph (0.12) than that of the previous strategy (0.00), indicating the optimality of the former firefighting strategy. For the sake of clarity, the out-closeness scores of the critical units as well as the average out-closeness score of the plant are depicted with bold numbers in Table 2.   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6 (a) (b) (c) To illustrate the outperformance of the foregoing strategy, the results have been compared with another firefighting strategy where the firefighters decide to extinguish T4 instead of T2 (Figure 5b ). Provided that T4 is extinguished, T6 turns out as the exposed tank with the largest out-closeness score (5th column in Table 2 ); the subsequent cooling of T6 (Figure 5c ) would result in a higher average out-closeness score for the graph (0.12) than that of the previous strategy (0.00), indicating the optimality of the former firefighting strategy. For the sake of clarity, the out-closeness scores of the critical units as well as the average out-closeness score of the plant are depicted with bold numbers in Table 2 . In this scenario, when firefighters arrive at the scene, the fire has already propagated from T1 to T2 and T4 (Figure 4a ). Since T2 has the largest out-closeness score among T1 and T4 (2nd column in Table 2 ), it is identified as the tank to be extinguished. Given T2 extinguished, and recalculating the outcloseness scores of the tanks in Figure 4b , T5 is identified as the tank with the largest out-closeness score among the other exposed tanks (3rd column in Table 2 ), and thus chosen for cooling (Figure 4c) . Accordingly, the graph's average out-closeness score decreases from 0.24 (2nd column in Table 2 ) to 0.00 (4th column in Table 2).   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5 To illustrate the outperformance of the foregoing strategy, the results have been compared with another firefighting strategy where the firefighters decide to extinguish T4 instead of T2 (Figure 5b ). Provided that T4 is extinguished, T6 turns out as the exposed tank with the largest out-closeness score (5th column in Table 2 ); the subsequent cooling of T6 (Figure 5c ) would result in a higher average out-closeness score for the graph (0.12) than that of the previous strategy (0.00), indicating the optimality of the former firefighting strategy. For the sake of clarity, the out-closeness scores of the critical units as well as the average out-closeness score of the plant are depicted with bold numbers in Table 2.   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6 (a) (b) (c) In this scenario, when firefighters arrive, there are fires at T1 and T5 as depicted in Figure 6a . Since the out-closeness score of T5 is larger than that of T1 (2nd column in Table 3 ), suppression of T5 would delay the escalation of fire more effectively. Suppressing T5 in Figure 6b and recalculating the out-closeness scores as reported in the 3rd column in Table 3 , T2 turns out as the tank with the largest out-closeness score among the other exposed tanks.
As such, cooling of T2 would better prevent the escalation of fire. Adopting such firefighting strategy, that is, to extinguish T5 and to cool T2, as displayed in Figure 6c , the graph's average out-closeness score decreases from 0.29 in Figure 6a (2nd column in Table 3 ) to 0.06 in Figure 6c (4th column in Table 3 ). In this scenario, when firefighters arrive, there are fires at T1 and T5 as depicted in Figure 6a . Since the out-closeness score of T5 is larger than that of T1 (2nd column in Table 3 ), suppression of T5 would delay the escalation of fire more effectively. Suppressing T5 in Figure 6b and recalculating the out-closeness scores as reported in the 3rd column in Table 3 , T2 turns out as the tank with the largest out-closeness score among the other exposed tanks.
As such, cooling of T2 would better prevent the escalation of fire. Adopting such firefighting strategy, that is, to extinguish T5 and to cool T2, as displayed in Figure 6c , the graph's average outcloseness score decreases from 0.29 in Figure 6a (2nd column in Table 3 ) to 0.06 in Figure 6c (4th column in Table 3).   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5 If T1 was extinguished instead of T5 (Figure 7b ), T3 would be selected as the exposed storage tank with the largest out-closeness score (5th column in Table 3 ) among the other exposed tanks, thus being chosen for cooling (Figure 7c ). This would have led to the graph's average out-closeness score of 0.20 (6th column of Table 3 ) that is larger than that of Figure 6c , i.e., 0.06 (4th column of Table 3 ). As such, the firefighting strategy presented in Figure 6c would be preferred than the one depicted in Figure 7c . For the sake of clarity, the out-closeness scores of the critical units as well as the average out-closeness score of the plant are depicted with bold numbers in Table 3 . If T1 was extinguished instead of T5 (Figure 7b ), T3 would be selected as the exposed storage tank with the largest out-closeness score (5th column in Table 3 ) among the other exposed tanks, thus being chosen for cooling (Figure 7c ). This would have led to the graph's average out-closeness score of 0.20 (6th column of Table 3 ) that is larger than that of Figure 6c , i.e., 0.06 (4th column of Table 3 ). As such, the firefighting strategy presented in Figure 6c would be preferred than the one depicted in Figure 7c . For the sake of clarity, the out-closeness scores of the critical units as well as the average out-closeness score of the plant are depicted with bold numbers in Table 3 . T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5   T6   T1   T2   T3   T4   T5 
Comparison between Graph Theoretic and Influence Diagram Approaches
Khakzad et al. [12] developed a methodology based on BN for domino effect modeling in the chemical and process spatial infrastructures. In their approach, the units are presented as nodes of the BN while the intensity of heat radiation between them are presented as directed arcs. Knowing the intensity of received heat radiation along with the type (e.g., atmospheric or pressurized) and size of exposed units, the probability of fire escalation can be estimated using probit functions [10, 33] . Among the exposed units, the one with the highest escalation probability is identified as the secondary unit involved in the fire escalation (domino effect). Following the same approach and considering possible synergistic effects, the tertiary units can be identified. Figure 8a ,b display the BNs for modeling the fire spread in the tank farm given a single fire at T1 (relevant to Scenario 1 and 2) and two separate fires at T1 and T5 (relevant to Scenario 3), respectively. To help distinguish between the graph theoretic approach and the BN approach, the nodes in the BNs have been presented as ellipse. For the sake of clarity, the conditional probability table of node T5 in Figure 8a given its immediate parents T2 and T4 have been reported in Table 4.   T1   T2   T3   T4   T5   T6  T3   T4   T2   T6   T5   T1 (a) (b) 
Khakzad et al. [12] developed a methodology based on BN for domino effect modeling in the chemical and process spatial infrastructures. In their approach, the units are presented as nodes of the BN while the intensity of heat radiation between them are presented as directed arcs. Knowing the intensity of received heat radiation along with the type (e.g., atmospheric or pressurized) and size of exposed units, the probability of fire escalation can be estimated using probit functions [10, 33] . Among the exposed units, the one with the highest escalation probability is identified as the secondary unit involved in the fire escalation (domino effect). Following the same approach and considering possible synergistic effects, the tertiary units can be identified. Figure 8a ,b display the BNs for modeling the fire spread in the tank farm given a single fire at T1 (relevant to Scenario 1 and 2) and two separate fires at T1 and T5 (relevant to Scenario 3), respectively. To help distinguish between the graph theoretic approach and the BN approach, the nodes in the BNs have been presented as ellipse. For the sake of clarity, the conditional probability table of node T5 in Figure 8a given its immediate parents T2 and T4 have been reported in Table 4 . Figure 7 . Non-optimal firefighting strategy for Scenario 3. (a) T1 and T5 are on fire. (b) T1 has been suppressed while T5 is on fire. (c) T1 has been suppressed, T5 is on fire, and T3 is cooled. 
Khakzad et al. [12] developed a methodology based on BN for domino effect modeling in the chemical and process spatial infrastructures. In their approach, the units are presented as nodes of the BN while the intensity of heat radiation between them are presented as directed arcs. Knowing the intensity of received heat radiation along with the type (e.g., atmospheric or pressurized) and size of exposed units, the probability of fire escalation can be estimated using probit functions [10, 33] . Among the exposed units, the one with the highest escalation probability is identified as the secondary unit involved in the fire escalation (domino effect). Following the same approach and considering possible synergistic effects, the tertiary units can be identified. Figure 8a ,b display the BNs for modeling the fire spread in the tank farm given a single fire at T1 (relevant to Scenario 1 and 2) and two separate fires at T1 and T5 (relevant to Scenario 3), respectively. To help distinguish between the graph theoretic approach and the BN approach, the nodes in the BNs have been presented as ellipse. For the sake of clarity, the conditional probability table of node T5 in Figure 8a given its immediate parents T2 and T4 have been reported in Table 4.   T1   T2   T3   T4   T5   T6  T3   T4   T2   T6   T5   T1 (a) (b) As previously mentioned, the escalation probabilities in Table 4 can be calculated using probit functions [10, 33] . Since the aim of the present study is to identify an optimal firefighting strategy based on relative importance of the storage tanks not their exact escalation probabilities, and because the tanks are of the same type and dimension, we calculate the escalation probabilities using a linear relationship:
where P i is the escalation probability of the atmospheric tank exposed to a heat radiation of intensity Q i (kW/m 2 ). Further, the numerator 15 in Equation (6) denotes the escalation threshold of atmospheric tanks [33] . Accordingly, the escalation probabilities of tank T5 in Table 4 could be calculated as P 2 = 1 − 15/20 = 0.25, P 4 = 1 − 15/40 = 0.625, and P 24 = 1 − 15/(20 + 40) = 0.75. It should be noted that the escalation probability given in Equation (6) is merely for illustrative purposes and is not aimed at replacing the probit functions. The BN in Figure 8a can be extended to influence diagrams in Figure 9a ,b in order to identify optimal firefighting strategies in Scenarios 1 and 2. In Figure 9a , for instance, the decision node incorporates eight firefighting strategies (decision alternatives) in form of Ti-Tj (for i = 1, 2 and j = 3, 4, 5, 6), standing for suppression of Ti and cooling of Tj. For example, the decision alternative T1-T3 indicates that the corresponding firefighting strategy involves the suppression of T1 and the cooling of T3. The dashed arcs from T1 and T2 to the decision node implies that the firefighting strategies would be conditioned to the observation of fires at T1 and T2.
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As previously mentioned, the escalation probabilities in Table 4 can be calculated using probit functions [10, 33] . Since the aim of the present study is to identify an optimal firefighting strategy based on relative importance of the storage tanks not their exact escalation probabilities, and because the tanks are of the same type and dimension, we calculate the escalation probabilities using a linear relationship:
where Pi is the escalation probability of the atmospheric tank exposed to a heat radiation of intensity Qi (kW/m 2 ). Further, the numerator 15 in Equation (6) denotes the escalation threshold of atmospheric tanks [33] . Accordingly, the escalation probabilities of tank T5 in Table 4 could be calculated as P2 = 1 − 15/20 = 0.25, P4 = 1 − 15/40 = 0.625, and P24 = 1 − 15/(20 + 40) = 0.75. It should be noted that the escalation probability given in Equation (6) is merely for illustrative purposes and is not aimed at replacing the probit functions. The BN in Figure 8a can be extended to influence diagrams in Figure 9a ,b in order to identify optimal firefighting strategies in Scenarios 1 and 2. In Figure 9a , for instance, the decision node incorporates eight firefighting strategies (decision alternatives) in form of Ti-Tj (for i = 1, 2 and j = 3, 4, 5, 6), standing for suppression of Ti and cooling of Tj. For example, the decision alternative T1-T3 indicates that the corresponding firefighting strategy involves the suppression of T1 and the cooling of T3. The dashed arcs from T1 and T2 to the decision node implies that the firefighting strategies would be conditioned to the observation of fires at T1 and T2. The impact of the decision alternatives on the nodes of the influence diagram can be reflected by making modifications to the conditional probability tables (escalation probabilities) of the exposed tanks which are being influenced by the decision node. Part of the modified conditional probability table of T5 in Figure 9a has been illustrated in Table 5 . It should be noted that some entries in Table  5 might seem contradictory at first glance if the entire influence diagram is not taken into consideration.
For example, on the second row of Table 5 , the decision T1-T4 denotes the cooling of T4 (i.e., T4 is safe and is being cooled to keep safe) whereas the state of T4 is Fire. Such contradiction can be The impact of the decision alternatives on the nodes of the influence diagram can be reflected by making modifications to the conditional probability tables (escalation probabilities) of the exposed tanks which are being influenced by the decision node. Part of the modified conditional probability table of T5 in Figure 9a has been illustrated in Table 5 . It should be noted that some entries in Table 5 might seem contradictory at first glance if the entire influence diagram is not taken into consideration.
For example, on the second row of Table 5 , the decision T1-T4 denotes the cooling of T4 (i.e., T4 is safe and is being cooled to keep safe) whereas the state of T4 is Fire. Such contradiction can be justified if it is noted that under the same decision alternative the probability of T4 being on fire would be equal to zero (the arc from "Decision" to T4). As such, the escalation probability of T5 (2nd row in Table 5 ) is only due to the heat radiation received from T2; thus, P(T5 = Fire | d = T1 − T4, T2 = Fire, T4 = Fire) = P 2 . Following the same approach, the BN in Figure 8b can be extended to the influence diagram in Figure 9c to identify the optimal firefighting strategy in the event of Scenario 3.
In the influence diagrams shown in Figure 9a -c, the node "Utility" has been connected to the still-safe storage tanks so that only the further damage caused by the fire spread can be taken into account in the decision making. Since the storage tanks are identical, we have assumed that a damaged storage tank (due to fire spread) is associated with a disutility of −10.0 while the disutility of a safe tank is 0.0. For example, in Figure 9a , U(T3 = Safe, T4 = Fire, T5 = Fire, T6 = Safe) = −20.0. Implementing the influence diagrams in GeNIe software [37] , the expected disutility of firefighting strategies (decision alternatives) are reported in Table 6 . In Scenario 1, the optimal decision (attributed to the lowest disutility) would be to suppress T2 and to cool T4 (see the result of the graph theoretic approach in Section 3.2.1). Likewise, in the event of Scenario 2, the suppression of T2 and the cooling of T5 would be the optimal strategy (see the result of the graph theoretic approach in Section 3.2.2) and the vice versa in Scenario 3 (see the result of the graph theoretic approach in Section 3.2.3). As can be seen, the results obtained from the influence diagrams are in complete agreement with those obtained from the graph theoretic approach in the previous sections. For the sake of clarity, the lowest amount of loss (the lowest absolute amount of expected disutility) in each scenario and their corresponding decisions are depicted with bold numbers in Table 6 . Table 6 . Expected (Exp) disutility of firefighting strategies for fire scenarios. 
Application of the Methodology
The graph theoretic methodology can effectively be applied to large oil terminals where the number of units could impede the application of influence diagrams. Application of influence diagram to such facilities faces two challenges: (i) for each fire spread scenario which may initiate from a single unit or multiple units a separate influence diagram should be developed, and (ii) due to complicated interactions between the units during fire spread the size of conditional probability tables can grow exponentially and thus becomes intractable. to complicated interactions between the units during fire spread the size of conditional probability tables can grow exponentially and thus becomes intractable. Figure 10a displays an oil terminal comprising fifteen tanks of gasoline with diameter of D = 27 m, height of H = 15 m, and capacity of 9000 m 3 . Considering tank fires as the most likely fire events, possible fire spread patterns have been presented as the directed graph in Figure 10b . T1   T3   T2   T4   T5   T6   T7   T8   T9   T10  T11   T12   T13   T14   T15   T11  T10   T9   T8   T7   T6   T5   T4  T3   T1  T2   T15   T14   T13   T12 (a) (b) Two fire scenarios are considered:
• Scenario A: fire starts at T7 and escalates to T6 and T12, and • Scenario B: fire starts simultaneously at T4, T10, and T12.
It is also assumed that the plant's firefighting team is equipped with three firefighting trucks, of which two can be used to suppress burning tanks while the third one to cooling one exposed tank. Without replicating the methodology steps, the out-closeness scores calculated sequentially by isolating the suppressed and cooled tanks are reported in Table 7 . As can be noted, the following firefighting strategies could be identified as the optimal ones for each fire scenario:
• For Scenario A: suppress T7 and T12, and cool T5, • For Scenario B: suppress T4 and T12, and cool T8. Two fire scenarios are considered:
• For Scenario A: suppress T7 and T12, and cool T5, • For Scenario B: suppress T4 and T12, and cool T8. For the sake of clarity, the out-closeness scores of the critical units are depicted with bold numbers in Table 7 . Besides, the modified graphs of Scenarios A and B before and after implementation of the firefighting strategies have been depicted in Figure 11 . As can be seen from Figure 11b , in the case of Scenario A, the suppression of T7 and T12 and the cooling of T5 completely prevent from the fire spread in the tank terminal. On the other hand, in the case of Scenario B, the suppression of T4 and T12 and the cooling of T8 do not entirely prevent from but significantly limit the fire spread.
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Conclusions
In the present study, we developed methodologies based on graph theory and influence diagrams for optimal firefighting of fires at oil terminals under insufficient firefighting resources. Modeling fire spreads as a directed graph, we demonstrated that suppression of burning units with the highest out-closeness scores would be the most effective fire suppression policy. Removing the suppressed units from the graph, and recalculating the out-closeness scores of the remaining units, it was demonstrated that cooling of exposed units with the highest updated out-closeness scores would be the most effective cooling policy. As such, simultaneous suppressing and cooling of burning and exposed units-as many as the firefighting resources allow-based on sequential calculation of outcloseness scores can be adopted as an optimal firefighting strategy.
In the case of oil and gas facilities which comprise a variety of units of different type and size, the developed influence diagram outperforms the graph theoretic approach by facilitating the incorporation of different escalation probabilities and damage (disutility) values. In the case of large facilities with more or less similar units, however, the graph theoretic approach outdoes the influence diagram. This is mainly because the large number of units can make the development of influence diagrams and identification of conditional probabilities and utility values very time-consuming. 
In the present study, we developed methodologies based on graph theory and influence diagrams for optimal firefighting of fires at oil terminals under insufficient firefighting resources. Modeling fire spreads as a directed graph, we demonstrated that suppression of burning units with the highest out-closeness scores would be the most effective fire suppression policy. Removing the suppressed units from the graph, and recalculating the out-closeness scores of the remaining units, it was demonstrated that cooling of exposed units with the highest updated out-closeness scores would be the most effective cooling policy. As such, simultaneous suppressing and cooling of burning and exposed units-as many as the firefighting resources allow-based on sequential calculation of out-closeness scores can be adopted as an optimal firefighting strategy.
In the case of oil and gas facilities which comprise a variety of units of different type and size, the developed influence diagram outperforms the graph theoretic approach by facilitating the incorporation of different escalation probabilities and damage (disutility) values. In the case of large facilities with more or less similar units, however, the graph theoretic approach outdoes the influence diagram. This is mainly because the large number of units can make the development of influence diagrams and identification of conditional probabilities and utility values very time-consuming.
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